The emptiness formation probability (EFP) that the first n spins of the chain are all aligned downwards is studied for the one-dimensional spin-1 2 XX chain system with both critical and non-critical regimes with three spin and uniform long-range interactions. By using the emptiness formation probability P (n), the block-block entanglement Sn and the magnetization M z , the properties of the system are also studied. It is worthy of note that when the quantum phase transition from the phase III to the phase II occurs, the Emptiness Formation Probability P (n) of the system decreases, but the block-block entanglement Sn increases.
Introduction
One of the most important issues emerging from the studies of condensed matter physics in recent years is the concept of quantum criticality [1] . A quantum critical point marks a zerotemperature phase transition between different ground states of a many body system as a result of changes in parameters of the underlying Hamiltonian. It was previously stated at the quantum critical point that there is no characteristic length or energy scale, and the system shows powerlaw spatial correlations and gapless excitations [2] . Moreover, quantum phase transitions can occur between phases that are not characterized by any local order parameter or symmetry breaking description, but that have different quantum order, which is one of the most exciting and novel streams of research in theoretical condensed matter [3] .
Recently, quantum phase transitions have been studied in the context of the theory of entanglement where the points of quantum phase transitions are believed to be connected to the points of extremality for the entanglement or its derivatives [4] [5] [6] [7] [8] [9] . There are two widely used methods of characterizing entanglement in quantum phase transitions of spin chains. The first method describes the entanglement between two spins in the chain with the quantity called concurrence [10, 11] . The other method measures entanglement of a block of spins with the rest of the chain with the von Neumann entropy (block-block entanglement), when the chain is in its ground state [12] [13] [14] [15] [16] [17] .
Recently we studied the block-block entanglement and quantum phase transition of the system [17] , based on the spin-1 2 XX chain model with three-spin and uniform long-range interactions [18] . We found that a generic finite order quantum phase transition in the chain can be consistently identified and characterized by studying the behavior of the entanglement of the block with the rest of the chain and its derivatives with respect to the parameter that controls the transition. However, the very important quantity that characterizes a quantum spin system in the quantum spin-liquid phase, which is the so-called EFP [19, 20] , i.e, the probability to find a ferromagnetic string of the length "n" in the spin liquid ground state, has not been studied for such systems so far. The motivation to study the EFP for this system is to explore if the EFP can supply new important information, just as the block-block entanglement, to gain a deeper understanding of the quantum states of system at zero temperature.
In this paper, we study the probability of the formation of a ferromagnetic string in the ground state of the spin-1 2 XX chain model with three-spin and uniform long-range interactions [18] . We show that a generic finite order quantum phase transition in the system can be consistently identified and characterized by studying the EFP behavior and its derivatives with respect to the parameter that controls the transition. In section II, we present the model and theory that we employed. The EFP behavior is studied in section III. In section IV, we give the summary.
Model and theory
The exactly solvable quantum spin model considered here is the spin-1 2 XX chain with three-spin and uniform long-range interactions, which is defined by the following Hamiltonian [18] ,
where S i l (i = x, y, z) are spin operators of S = 1/2 on site l associated with the periodic boundary conditions (S
, N is the total number of spins, α is the dimensionless parameter characterizing the three-spin coupling constant (in unit of the nearest-neighbor exchange coupling), and λ is the dimensionless parameter characterizing the uniform long-range interactions. This model can be solved by using the Jordan-Wigner transformation [17, 18, 21, 22] and the Hubbard-Stratonovich transformation, and all the physical quantities can be calculated exactly [18] . The ground state energy of the system is given by
where Θ(x) = 1 when x > 0 and vanishes otherwise, and
The magnetization (M z ) is given by
Using equations (2), (3), and (4), the magnetization M z and its contour map can be calculated with parameters λ and α, and the result is shown in figure 1 [17] . It is clearly seen that there . There are two tricritical points, one separates the paramagnetic, ferromagnetic δ, and paramagnetic chiral phases, and the other separates the paramagnetic, ferromagnetic δ, and ferromagnetic γ phases. The quantum phase transition from phase I to phase IV is of the first order, which results from the uniform longrange interactions. The quantum phase transition from phase III to phase II, as well as from phase IV to phase III, is also of the first order, but it is caused mainly by the three-spin interactions. The quantum phase transition from phase I to phase III is also caused mainly by the three-spin interactions, but it is of the second-order.
The EFP at zero temperature is defined to be the probability of formation of a ferromagnetic string, i.e., the probability that the first n spins of the chain are all aligned downwards in the spin liquid ground state |0 [19, 20] , and it can be expressed as
By performing Jordan-Wigner transformation [22] ,
and it is easy to show that equations (5) becomes
where we have used Wick's theorem. The determinant like equation (7) is referred to as a Toeplitz determinant. Therefore, in our model, the determinant P (n) is
in which the coefficients f m,n for an infinite chain are calculated by
It is noted that the correlation matrix F n of the determinant P (n) is
which is the correlation matrix of the reduced density matrix (ρ L ) of n contiguous spins [17] . Then, the von Neumann entropy of a block of n contiguous spins, describing entanglement of the block with the rest of the chain, takes the form [17] 
where λ j is the j-th eigenvalue of the correlation matrix F n . Then, the EFP of the system is given by
i.e, the EFP of the system is the product of the eigenvalues of the correlation matrix F n . For example, the entanglement between one spin and the rest part of the system can be characterized by the von Neumann entropy,
with
The EFP of the system is
The entanglement between two contiguous spins and the rest part of the system is characterized by,
in which
Then, the EFP of the system is
It is important to note that both the EFP and block-block entanglement of the system are directly related to the eigenvalues of the correlation matrix F n . Therefore, one can expect that the quantum phase transitions of the system can be well identified by the EFP P (n), just like the block-block entanglement [17] .
Results and discussion
We first investigate the λ = 0 case. In this case, there are two phases in the system. The ground state of the new phase is a chiral state O k > 0 with gapless excitations [21] . It is separated by the critical point α c = 1 from the ground state of O k = 0 gapless phase. For the two phases, M z = 0 and 
for all α. Then, the results of S 1 , S 2 , S 3 and S 4 are given as follows, respectively [17] .
and
It is noted that dS 1 /dα = 0, but
While, the EFP of the system are
It is also noted that dP (1)/dα = 0, but
It is displayed that at α c = 1, the behavior of EFP P (n) is similar to that of the block-block entanglement S n , i.e, the first derivative of the EFP, dP (n)/dα shows discontinuities, while P (n) is continuous. The discontinuity in dP (n)/dα at α c = 1 does indicate the second-order quantum phase transitions of the present case. Thus, there is one-to-one correspondence between quantum phase transitions and the non-analyticity property of the EFP P (n). When α → ∞, from the equation (19) we get
for m 1. Thus Figure 2 . The Emptiness Formation Probability P (n) and its contour map changes with parameter λ and α for n = 2. The numerical results for the EFP P (n) and its contour map with the variation of the parameters λ and α for n = 2 are displayed in figure 2. The numerical results for the block-block entanglement S n and its contour map changes with parameters λ and α for n = 10 are displayed in figure 3. Comparing figure 2 with figure 1 and figure 3 , it is noted that the phase diagrams are consistent with each other. This means that there is one-to-one correspondence between quantum phase transitions and the non-analyticity property of the EFP P (n) for the present model as well.
We have farther studied the properties of phases I, II, III and IV by using the combination of the EFP P (n), the block-block entanglement S n , and the magnetization M z . Firstly, from the magnetization M z aspect angle, phases I and II are paramagnetic. Phases III and IV are ferromagnetic phases. The M z value is zero in both phases I and II. But, there is difference in between phases III and IV. In phase III (called ferromagnetic δ phase), the magnetic moment M z < 1 2 , while in phase IV (called ferromagnetic γ), M z ≡ 1 2 in the long-range ordered ferromagnetic phase. Thus, the magnetization M z can be used to identify phases III and IV, but cannot be used to characterize phases I and II. Secondly, the block-block entanglement S n can be used to identify phases I, II, III and IV, which may be seen from figure 3. The EFP P (n), just as the block-block entanglement S n , can also be used to distinguish the different phases of system as shown in figure 2. For example, when the system is in the phase IV, since M z ≡ 1 2 , and we have f l,l = 1,
and f l,l+m = f l+m,l = 0.
Thus P (n) = 1.
